Introduction
Let G be a real semisimple Lie group and D = G/H an open G-orbit in a generalized flag variety for the complexification G C of G. Let K be a maximal compact subgroup of G and let x 0 be a basepoint in D chosen so that Kx 0 is a maximal compact subvariety of D. Let M D be the set of maximal compact subvarieties in D that are translates of Kx 0 by elements of G C and let M D be the connected component of M D containing Kx 0 . Wells and Wolf [WW] have shown that M D is a complex manifold and Wolf [W1] has further shown that it is Stein. The purpose of this paper is to determine M D explicitly for a class of examples in which G = Sp(n, R).
The space M D is useful in studying representations of G that may be realized as the Dolbeault cohomology of D with coefficients in a homogeneous vector bundle. When a holomorphic double fibration exists between G/H and G/K, we know that M D is biholomorphic to G/K [WW] and the cohomology space can be realized as the kernel of a differential operator on M D using a Penrose transform. Wells and Wolf [WW] and Patton and Rossi [PR] give a general description of the Penrose transform (see also [BE] ) and Patton and Rossi realize unitary highest weight representations of SU (p, q) in this manner [PR, PR1] . When a holomorphic double fibration does not exist between G/H and G/K, one does exist between G/H and M D . Once M D is described explicitly, there is reason to believe that the Penrose transform can be adapted to study unitary representations of G without highest weights.
In this paper, we consider the family of examples where G = Sp(n, R) and D is any open G-orbit in the generalized flag variety of Lagrangian planes in C 2n . [We] has determined M D for G = SO(2m, r) with compact isotropy subgroup H = U (m) × SO(r) and Dunne and Zierau [DZ] dealt with the case G = SO(n, 1) for n ≥ 4 with D an open orbit in the generalized flag variety of isotropic lines. In these examples, M D is an algebraic variety given by equations derived from the geometry of the flags. Although these descriptions are explicit, they do not suggest a general picture nor are they in a form which enables one readily to use the Penrose transform to study representations of G.
When
In the next example G/K is Hermitian symmetric. For G = U (p, q) and D the open orbit of (r, s)-planes in the generalized flag variety of (r + s)-planes, Dunne and Zierau [DZ] have shown that M D is biholomorphic to G/K × G/K. This example and the example in this paper suggest that M D is biholomorphic to G/K × G/K when G/K is Hermitian symmetric and when there is no double holomorphic fibration between G/H and G/K.
Notation, definitions and statement of results
This section contains the notation and the definitions we will use and the statement of the main result. Let {e 1 , . . . , e 2n } be the standard basis of C 2n . With respect to this basis, we define a Hermitian form
and a symplectic form .
is a Lie group isomorphic to Sp(n, R). Let X be the generalized flag variety of Lagrangian planes in C 2n and
Then x i is in D i and its stabilizer in G, which we denote H i , is isomorphic to U (i, n − i). We note that H i is the set of fixed points of the involution
Then the K-orbit of x i is a maximal compact subvariety of D i [SW] and is biholomorphic to the Grassmanian of i-planes in C n . In this paper, we will study the space of G C translates of Kx i in X. We will see that each point in M i X , that is, each G C translate of Kx i , is naturally associated to a pair (y, w) of transverse Lagrangian planes in C 2n . Once we address the uniqueness of this association in Lemma 2, we use a connectedness argument to show that each point in M Di can be associated to a pair (y, w) of transverse Lagrangian planes where y is positive and w is negative. It will emerge that G/K is biholomorphic to the set of positive Lagrangian planes in C 2n and G/K is biholomorphic to the set of negative Lagrangian planes. This then leads to identifying a point in G/K × G/K with a maximal compact subvariety in M Di .
Parametrizing M i X
In this section, we describe how to associate a pair (y, w) of transverse Lagrangian planes in C 2n to a G C translate of Kx i , we discuss the uniqueness of this association and we realize M i X as a homogeneous space. We will use this information in the next section to parametrize M Di . A closer look at the maximal compact subvariety Kx i leads to the observation that Kx i is a set of Lagrangian n-planes of signature (i, n − i) each of which meets y 0 = span{e 1 , . . . , e n } in an i-plane and w 0 = span{e n+1 , . . . , e 2n } in an (n − i)-plane. In fact, for each i-plane in y 0 there is exactly one n-plane in Kx i that meets y 0 in that i-plane. Likewise, for each (n − i)-plane in w 0 there is exactly one plane in Kx i that meets w 0 in that (n − i)-plane. This is a consequence of the following more general lemma.
Lemma 1. Suppose y and w are transverse Lagrangian planes in C 2n and that u is a j-dimensional subspace of y. Then there exists a unique isotropic n-plane z, called the isotropic completion of u in w, such that z ∩ y = u and z ∩ w is an (n − j)-plane.

Proof. The dimension formula ( * ) d i m ( A + B ) = dim (A) + dim (B) − dim (A ∩ B)
for subspaces A and B and the nondegeneracy of ω imply that dim u ⊥ω ∩ w ≥ n − j. The reverse inequality follows since y intersects w trivially. Put z = u⊕(u ⊥ω ∩w).
This leads to the following definition.
Definition. For transverse Lagrangian planes y and w in C 2n , let V i (y,w) be the set of Lagrangian planes z such that z meets y in an i-plane and z is the isotropic completion of z ∩ y in w.
In this notation, we see that Kx i = V i (y 0 ,w 0 ) and that the translate of
X , the space of all G C translates of Kx i , is the set of V i (y,w) such that y and w are transverse Lagrangian planes in C 2n . The following more general lemma will enable us to compute the stabilizer of V i (y 0 ,w 0 ) in G C so as to realize M i X as a homogeneous space. Lemma 2. Let (y, w) and (y , w ) be pairs of transverse Lagrangian planes.
( = span{e 1 , . . . , e i , e n+i+1 , . . . , e 2n } License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and z 2 = span{e 1 , e n−i+2 , . . . , e n , e n+2 , . . . , e 2n−i+1 }.
Then z 1 and z 2 are in V i (y 0 ,w 0 ) and hence in V i (y,w). To see that (b) and (c) are not possible, we use the dimension formula ( * ) to estimate the dimension of (z 1 ∩ y + z 2 ∩ y). Since e 1 ∈ y, we have that dim(y ∩ z 1 ∩ z 2 ) ≤ 2i − n − 1 and hence that dim(z 1 ∩ y + z 2 ∩ y) ≥ n + 1. This contradicts the fact that y is an n-plane.
For ( When 2i = n, the stabilizer of
: A ∈ GL(n, C) and the complex structure on G C /K C induces a complex structure on M i X . When 2i = n, the stabilizer of V i (y 0 ,w 0 ) in G C is the group L generated by K C and the matrix 0 I n −I n 0 and the complex structure on G C /L induces a complex structure on M i X . In this case, G C /K C is the holomorphic double cover of M i X .
Parametrizing M Di
To parametrize M Di , we must identify which pairs (y, w) of transverse Lagrangian planes are associated to elements of M Di . Clearly, if y is positive and w is negative, then V i (y,w) is in D i and hence in M Di . We will use a connectivity argument to show that every element in M Di can be expressed as V i (y,w) with y positive and w negative. We now prove Theorem 1. The set B is bijective with G/K × G/K. We need to identify which holomorphic structure on G/K × G/K makes this a biholomorphism. The Harish-Chandra embedding (see, for example, [K] ) of G/K into G C /K C P + induces a complex structure on G/K where K C P + is the stabilizer of the positive Lagrangian plane y 0 . For the second factor, the opposite complex structure is needed since K C P + is replaced by the opposite parabolic K C P − which is the stabilizer of the negative Lagrangian plane w 0 . Thus, G/K × G/K is biholomorphic to B and hence to M Di . Proof. Suppose sgn(y) = (j, 0, n − j) for some 0 ≤ j ≤ n − 1. Since the orbits of G in X are determined by signature [W] , there exists g ∈ G such that gy = y 1 where y 1 = span{e 1 , . . . , e j , e j+1 + e j+1+n , . . . , e n + e 2n }.
Let w 1 = gw. We will construct an isotropic n-plane z such that z ∈ V i (y 1 ,w 1 ) but z ∈ D i . This will imply that V i (y,w) ⊂ D i . Let u = u 0 ⊕ u + where u 0 = span e j+k + e j+k+n : 1 ≤ k ≤ min{n − j, i} and u + = span{e k : 1 ≤ k ≤ i + j − n} if n − j < i, 0 o t h e r w i s e .
Let z be the isotropic completion of u in w 1 ; thus z is in V i (y 1 ,w 1 ). To see that z is not in D i , observe that there exists a Hermitian orthogonal basis of z containing null vectors. Such a basis exists because u 0 has been chosen such that u ⊥ω 0 = u ⊥H 0 and u 0 ⊥ ω z. The argument when w is negative semi-definite is analogous.
